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Abstract
In this thesis, we develop a new computational method which implements mechanics
to Voronoi diagram to describe the cell-cell interaction among the epithelial tissue.
Several studies and simulations will be shown such as cell shape pattern formation,
wound closure process, and abnormal tissue expansion. We also perform analysis
on circular epithelial wound closure.
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Chapter 1
Introduction
1.1 Biological Background
Wound healing is a normal biological process in the human body, but it is an essen-
tial process after having an environmental injury (cut, burns, scrapes), surgery, dis-
ease, or food absorption. Aberrant or delayed wound healing process causes patient
morbidity, high risk of infection, and formation of scar tissue [1]. Wound healing
consists of four precisely and highly programmed phases: hemostasis, inflammation,
proliferation, and remodeling [2]. During the proliferative phase, re-epithelialization
which will cover the wound with new epithelial layers turns out to be one of the
most critical events in the wound healing process. Although many vital experiments
explain the mechanism of wound healing at the molecular level, the whole process of
wound healing is still needed more study [3]. Even, we know that mechanical stress
affects wound healing by influencing the behavior of cells within the dermis, but it
does not precisely know how mechanical forces affect the healing epidermis. Also,
tensile forces are known to affect the behavior of cells within epithelia, however, and
the material properties of extra-cellular matrices, such as substrate stiffness, have
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been shown to affect the morphology, proliferation, differentiation, and migration
of many different cell types [2]. Therefore, understanding how cells in an epithelial
sheet recognize and rapidly close a wound is of tremendous importance, both as a
fundamental biological question and as a factor in human health [4].
In epithelial tissue, cells are tightly bound together into sheets called epithelia,
usually resting on a supporting bed of connective tissue. Active intracellular protein
filaments cross the cytoplasm of each cell and attach to specialized junctions in the
plasma membrane. These junctions tie the surfaces of adjacent cells either to each
other or to the underlying basal lamina. Epithelial cell sheets line all the cavities and
free surfaces of the body. The specialized junctions between cells enable epithelia to
form barriers that inhibit the movement of water, solutes, and cells from one body
compartment to another. The spreading of epithelial cell sheets and self-assembly
of cells into tissues play a central role in many things other than wound healing such
as morphogenesis, tumor growth, tissue engineering, and other biological processes.
These phenomena occur as a result of cell division, differentiation, programmed
cell death, adhesion and migration, and involve multiple processes acting on both a
cellular and sub-cellular scale [5]. Oliver also added that the cell division seems to be
strongly correlated in real epithelial tissue [6]. Therefore, the purpose of this thesis
is to simulate and analyze behaviors of wound healing process due to mechanical
forces focusing on its event at the epithelial tissue.
1.2 Computation
To study the epithelial tissue, one of the tools is the vertex model. This model
describes the whole system by an assembly of vertices. These vertex movements are
driven by thermodynamic forces to minimize the total free energy of the system and
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then relaxed by viscous drag force. Then, a group of connected vertices can form the
cell of the epithelial tissue. However, the regular vertex model have a computational
problem [7]. The problem happens when the junction of the cells is small than some
threshold and leads to failure of convergence of the model. Fortunately, in this
thesis, the problem will be surpassed by introducing Vonoroi diagram to the model.
A Voronoi diagram is a partitioning of a plane into regions based on the distance to
points in a specific subset of the plane. The Voronoi diagram of a set of points is
dual to its Delaunay triangulation. At each time step of the simulation, a Voronoi
tessellation is created based on the cells’ centers. The intercellular forces are then
calculated based on shapes and topologies of the Voronoi cells.
1.3 Challenge
We randomly select some values of our parameter because the ability to directly
measure forces and mechanical stress on the cellular scale within living tissues is a
severe experimental challenge [8]. Besides, some of the parameters have a higher
influence on the vertex positions [9]. Fortunately, we have the range of the settings
that we can use based on previous researches. However, the challenge is that whether
or not out new model will be able to reproduce the same results. Another problem
is that the entire process of wound healing is complicated. There will be many
parameters that would not be in our calculation since we need to simplify the case.
Thus, the simulation will only represent a wound closure process. We will consider
the following scenarios: pressure from outside and surface tension effects. This
results can also be compared to Nagai and Honda work in 2009 [10]. Last but not
least, we also want to study abnormal growth. We will look at it as an inverse
problem of the wound healing.
3
Chapter 2
Mathematical Modeling
This chapter illustrates how the mathematical model for the study of quasi-2d ep-
ithelial tissue mechanisms between cells is established. First of all, we use 2D-
Voronoi tessellation to divide tissue into polygon cells. Secondly, we define elastic
and interfacial energy in and between cells, respectively. Finally, we define the tissue
dynamics driven by the gradient of the energy.
2.1 2-D Voronoi Vertex Model
In this section, we will introduce 2D-cells generated by Voronoi tessellation. To
construct the Voronoi Vertex Model, the understanding of how Voronoi diagram
works is an important step. After that, we can accomplish mathematical equations
to use for our mathematical model. Note that the Voronoi concept, in general, is
for any N dimensions, but in this thesis, we will be only focusing on 2-D.
4
2.1.1 Introduction to Voronoi Diagram
We define the Voronoi Diagram as following. Given a region, S, and a set of gener-
ators, ~ri. The Voronoi region, Vi, for each ~ri is the set of all points closer to ~ri than
~rj for j not equal to i.
Figure 2.1: Blue dots are the Voronoi centers and blue lines are the edges connected
two vertices created by Voronoi tesselation
One of the Voronoi diagram properties is that the line connecting two adjacent
generators, for example, the red line in figure 2.1 must be orthogonal to the shared
edge and be bisected by that edge.
Voronoi diagram dual is Delaunay triangulation. For each Voronoi diagram,
there is a unique Delaunay triangulation and vice versa. In fact, the vertex between
three adjacent Voronoi centers coincides with the center of the circumscribed circle
as in figure 2.2.
The relation between a trio of adjacent Voronoi centers (~ri, ~rj, ~rk) and a vertex
~ω(i,j,k) is
5
Figure 2.2: The three closest Voronoi centers represent a Delaunay triangle (black
lines). The circumcircle of the triangle (red circle) has its center at a particular
vertex (green).
~ω<i,j,k> = a~r
i + b~rj + c~rk (2.1)
where
a = ‖~rj − ~rk‖2(~ri − ~rj) · (~ri − ~rk)/D,
b = ‖~ri − ~rk‖2(~rj − ~ri) · (~rj − ~rk)/D,
c = ‖~ri − ~rj‖2(~rk − ~ri) · (~rk − ~rj)/D,
D = 2‖(~ri − ~rj)× (~rj − ~rk)‖2. (2.2)
which has been used in [11].
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2.2 The Energy
We define the total mechanical energy by accounting for the elastic energy of the
cells and the interfacial energy between cells (line tension).
E =
N∑
α=1
Eα, Eα =
KAα0
2
(
Aα
Aα0
− 1)2 +
∑
β
Λ
2
lαβ (2.3)
where the superscript α indexes the cells, the subscript β indexes the β-th junction
of cell α, the length of each junction is lαβ = ‖~ωβ,1 − ~ωβ,2‖ and the area of the cell α
can be computed by Aα = 1
2
∑zα−1
γ=0 ‖~ωαγ × ~ωαγ+1‖, where zα is the number of vertices
for cell α (also number of neighboring cells), γ enumerate the vertices of cell α.
Notice that, we have ~ωzα = ~ω0 for the cell vertices.
N Number of cells
K Elastic coefficient
A0 Preferred area
A Current area
Λ Line Tension
l Length of the junction linking two vertices
α Cell index
β Junction index
Table 2.1: Table to parameters and variables
The first elastic energy term in the equation of the energy
KAα0
2
(A
α
Aα0
− 1)2 is
isotropic and will result in pressure when Aα > Aα0 and in tension when A
α < Aα0 .
Then, the second term
∑
β
Λ
2
lαβ is the interfacial tension of the cell-cell junction.
2.3 Force Mechanics
We assume that the update of cells’ positions is driven by the gradient of mechanical
energy trying to balance friction from the substrate. Thus, for the Voronoi centers
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of each cell ~r α = (rαx , r
α
y )
T , we have
drαx
dt
= Fαx ≡ −
∂E
∂rαx
(2.4)
drαy
dt
= Fαy ≡ −
∂E
∂rαy
(2.5)
By chain rule, we have
∂E
∂rαx
=
(∑
ν
∂E
∂ωανx
∂ωανx
∂rαx
+
∑
ν
∂E
∂ωανy
∂ωανy
∂rαx
)
(2.6)
∂E
∂rαy
=
(∑
ν
∂E
∂ωανx
∂ωανx
∂rαy
+
∑
ν
∂E
∂ωανy
∂ωανy
∂rαy
)
. (2.7)
For coordinates (rαx , r
α
y )
T of all N cells, we have the system of nonlinear ordinary
differential equations:
dr
dt 2n×1
= −J2n×2m∂E
∂ω 2m×1
(2.8)
where
J2n×2m =

∂ω1x
∂r1x
. . . ∂ωmx
∂r1x
∂ω1y
∂r1x
. . . ∂ωmy
∂r1x
...
...
...
...
∂ω1x
∂rnx
. . . ∂ωmx
∂rnx
∂ω1y
∂rnx
. . . ∂ωmy
∂rnx
∂ω1x
∂r1y
. . . ∂ωmx
∂r1y
∂ω1y
∂r1y
. . . ∂ωmy
∂r1y
...
...
...
...
∂ω1x
∂rny
. . . ∂ωmx
∂rny
∂ω1y
∂rny
. . . ∂ωmy
∂rny

(2.9)
Notice ∂E
∂ω 2m×1 =
∑
∂Eα
∂ω 2m×1 and partial derivative of the energy E
α with respect
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to the vertex ~ω can be expanded as the following
∂Eα
∂ωγx
= K(
Aα
Aα0
− 1) ∂A
α
∂ωγx
+
Λ
2
∑
<α,β>
∂lαβ
∂ωγx
= K(
Aα
Aα0
− 1)(ωγ−y − ωγ+y)
+
Λ
2
[
(ωγx − ωγ+x)
lαγγ+
− (ωγ−x − ωγx)
lαγ−γ
] (2.10)
and
∂Eα
∂ωγy
= K(
Aα
Aα0
− 1) ∂A
α
∂ωγy
+
Λ
2
∑
<α,β>
∂lαβ
∂ωγy
= K(
Aα
Aα0
− 1)(ωγ+x − ωγ−x)
+
Λ
2
[
(ωγy − ωγ+y)
lαγγ+
− (ωγ−y − ωγy)
lαγ−γ
] (2.11)
where γ− and γ+ denote the immediate neighbor vertices in the counterclockwise
and clockwise direction of the vertex ωγ, respectively.
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Chapter 3
Results and Analysis
We simulated interesting behaviors of the cell-cell interactions. There were the
equilibriums of the uniform distributed configurations, wound closure process, and
abnormal growth. However, first of all, we simulated every epithelial cell mechanics
with the following setup. The total area of the epithelial tissue was 900 by 900
pixels of a total of 400 cells, Nc, with periodic boundary condition. Also, the elastic
coefficient, K, equaled to 1 for all simulations.
3.1 Study of Tensions
In this section, we varied the values of tension Λ, which is an important parameter
which can determine the type of the epithelial tissue at its equilibrium. However,
first of all, we wanted the simulation with uniform distributed cells’ area. So, we
set every cells’ preferred area A0 equals to the average cell area, Ac =
9002
400
= 2025.
Then, first of all, we used Λ equals to 0 so that we can see the effect of elastic energy
purely. Secondly, we did another simulation with Λ equals to 0.4. Lastly, we tried
the negative number of Λ which was −0.1. The color of simulations in this section
represented the area of the cells compared to the average cell area. The color scale
10
(a) Initial step (b) Final step
Figure 3.1: Simulate the epithelial cells tissue with uniform elastic energy
went from blue to red. Therefore, when a cell became purple, it meant that the cells
have the size as the average cell area.
We performed error analysis as following:
Error1 = ‖rt−rt−1‖∞√
Ac
Error2 = ‖rt−rt−1‖2
2∗√Ac∗Nc
Figure 3.2: Error of the epithelial cells tissue with uniform elastic energy
The analysis in figure 3.2 shown that the numerical computational model running
with these parameters converges to the machine error.
Figure 3.1 shown that epithelial tissue was uniform as we desired. Then, for
positive Λ, the epithelial tissue became an hexagonal-like network as in figure 3.3.
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Figure 3.3: Simulate the epithelial cells tissue being hexagonal network
However, corresponding with the converges of the error analysis figure 3.4, it would
take much time to adjust their Voronoi centers so that every cell created by Voronoi
tessellation is exactly hexagon. Finally, for figure 3.5, it was called soft network as in
Farhadifar’s paper [5]. We did not have error analysis for this negative Λs since the
soft network simulation was unstable. All of these results correspond with results
from Farhadifar’s paper [5]. Thus, we would only consider non-negative values of Λ
for further results.
Figure 3.4: Error of the epithelial cells tissue being hexagonal network
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Figure 3.5: Simulate the epithelial cells tissue being soft network
3.2 Wound Closure Process
The wound closure simulation could be produced by initially separating cells into
exterior and wound cells. The cells that were inside a given radius of a circle
originated at the center of the tissue will be called wound. The others are exterior
cells. By manipulating the pressure K( A
A0
− 1) and the line tension Λ, we could
study the behavior of wound closure process. Note that the colors in the figures
shown below represented the pressure of each cell. The wound cells have a green
color. The exterior cells have a blue-red color.
3.2.1 Simulations
First of all, we used the final step of a uniform epithelial tissue as our initial step.
We used a radius of a circle equals to 150 to determine the exterior and wound cells.
Then, we tried to simulate the wound closure process as the exterior cells pushed the
wound area while increasing their size. Since the cells in our simulation wanted to
increase its size when the pressure for a cell was negative, we could set the preferred
13
Figure 3.6: Simulate wound closure process with compressed wound
area A0 to be greater than the current area A for all the exterior cells at the initial
configuration.
Figure 3.6, the exterior cells’ new preferred area was their primary preferred areas
multiplied by 1.2. As a result, the wound cells were compressed or got smaller, and
the configuration converged as is shown in error analysis figure 3.7.
Then, we could do the same thing as before, but now we introduced tension of
the junctions around the surface of the wound Λs.
In figure 3.8, we had Λs = 1, and the wound surface became a circle, but the
wound itself does not close. On the other hand, when Λs is is big enough, the wound
14
Figure 3.7: Error of wound closure process with compressed wound
Figure 3.8: Simulate wound closure process with surface tension
15
Figure 3.9: Error of wound closure process with surface tension
will both become circle-like and closed at the end. However, by the error analysis
figure 3.9, there are some oscillations occurs which might be because of exchanging
between two vertices, transition, and rotation of the configuration.
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3.2.2 Wound Healing Analysis
Figure 3.10: Completing forces
We assume that the wound is circular and the wound closing velocity is driven
by the wound interfacial tension counterbalancing from tissue stress as shown in
schematic figure 3.10:
V (R) = −dR
dt
=
Λs
R
− (R
2
∞ −R2
R2∞ −R20
− 1)
=
Λs
R
+
R2 −R20
R2∞ −R20
where R∞ is the radius of the tissue, R0 is the initial radius of the wound, Λs
is the surface tension along the wound, and R(t) is the radius of the wound at any
time t. Then, we find the equilibrium of R by solving V = 0 numerically.
Figure 3.11: Plot of V with different Λs
In figure 3.11 we show the graph of V = 0 as the function of radius R for different
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values of Λs. The radius of the tissue R∞ was 450 and the initial radius of the wound
R0 is 150. One can see that for small value of Λs, v = 0 at a finite size. For a large
value of Λs, to have force balance equals to zero, the wound radius would go to the
negative number. In other words, the wound size could get down to zero and closed.
The critical Λs point was calculated by solving
dF
dR
= 0 for positive R.
Figure 3.12: Relationship between Λs and R
The critical R and the corresponding Lambdas can be seen at the horizontal peak
as shown in figure 3.12. This critical Λs not only determined whether the wound is
going to close, but also the time for the epithelial tissue went to its equilibrium. We
performed the separation of variables on −dR
dt
and integrated both sides to estimate
the time t needed to reach the steady-state size.
t = −
∫ Rend
R0
1
V
dR
where Rend was the radius at its equilibrium and had minimum at 0. The graph
of the time t was
18
Figure 3.13: Time for the wound closure to goes to its equilibrium with different Λs
3.3 Abnormal Growth
We separated the cells into two sets as in the wound closure simulations. However,
we focused on adjusting parameters for the wound cells so that we could study the
behavior of the abnormal growth. For example, wound cells grew at a different rate
than the exterior cells, the effect of the surface tension, and proliferation of the
wound cells. Again, the colors in the figures shown below represented the pressure
of each cell. However, now, the wound cells had a blue-red color, and the exterior
cells have a solid green color.
3.3.1 Pressure Study
First, we set the pressure of the exterior cells always to be zero, so that they do
not affect the expansion. After that, we applied different growth multipliers to the
original preferred area of the wound cells. The results were that the wound cells
expand based on their new preferred areas as shown for an example in figure 3.14.
19
Figure 3.14: Simulate abnormal growth given pressure multiplier
Figure 3.15: Error of abnormal growth given pressure multiplier
20
Figure 3.16: Simulate abnormal growth with surface tension
3.3.2 Surface Tension Study
We applied the surface tension Λs = 10 along with the growth rate 1.5 times for the
wound cells.
The result in figure 3.16 showed that the surface tension rounded up the wound’s
surface again. The error analysis in figure 3.17 shown the decreasing tend and had
oscillations at the end.
21
Figure 3.17: Error of abnormal growth with surface tension
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3.3.3 Proliferation with Surface Tension
Finally, we simulated a proliferation of the wound cells. We divided each wound
cell into two cells with random angles passed through the cell’s center. Then both
cells would expand to the same size as their original cell. Also, we applied surface
tension here.
Figure 3.18: Simulate growth and proliferation
The result in figure 3.18 showed that the wound cells double its size at the end
as desired. The error analysis figure 3.19 had a decreasing trend as well, but the
oscillation seemed to occur earlier than other simulation.
23
Figure 3.19: Error of abnormal growth with surface tension
24
Chapter 4
Discussion and Conclusion
The new computational mathematical model using the Voronoi vertex model and
energy can predict the cell-cell interaction on the epithelial tissue. We can simulate
the equilibrium states of the epithelial tissue with different tensions between the
cell-cell junction. The results correspond to Fletcher’s and Yang’s paper [7],[12], but
the reason that we do not want to use the same vertex model is that small values
of the T1 transition threshold suppress rearrangement and lead to not convergent
simulation [7]. T1 transition is a cell neighbor exchange operation that helps describe
epithelial dynamics accurately. The Voronoi diagram approach can handle this
autonomically.
In the wound closure section, the exterior cells’ growth is prevented by the com-
pressed pressure from the wound cells. However, if we let the pressure stress in the
wound cells always be zero, intuitively, the wound will not be closed if the total pre-
ferred area, A0, of the exterior cells do not cover the area of the tissue and vice-versa
when the total of the preferred area is greater than or equal to the size of the tissue
area. The other method that will help the wound to close is by having the surface
tension as the additional force. Moreover, when we faced with a major injury, our
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skin cannot restore perfectly and leave us a scar. In contrast to this, many other
species have the unique ability to regenerate full thickness skin without the forma-
tion of scar tissue [13]. Thus, this surface tension also creates a smooth circle-like
wound surface which we hope that it would help in the study of the scar-less wound
healing process.
Finally, there are many applications for this abnormal growth. We could try to
simulate cell competition as tumor expansion at a later stage through the elimination
of surrounding cells and increased mixing with the neighboring tissue [14]. We could
consider the cancer cells as the proliferation case.
For future work, we are considering stretching the tissue by a constant force and
see how the wound reacts to this. We also want to make this model more realistic
by implementing new energy from cells deformation. Lastly, we want to develop
our model so that it can be able to simulate and help to study the scarless wound
healing process.
26
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